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ATp-TYPE FUNCTIONS WITH HADAMARD GAPS IN THE UNIT 

BALL 

BINGYANG HU AND SONGXIAO LI 


Abstract. We study the holomorphic functions with Hadamard gaps in Af p - 
spaces on the unit ball of C n when 0 < p < n and p > n. A corollary on 
analytic functions with Hadamard gaps on J\f p -spaces on the unit disk is also 
given. 


1. Introduction 


Let B be the open unit ball in C n with § as its boundary and H( B) the collection 
of all holomorphic functions in B. H°° denotes the Banach space consisting of all 
bounded holomorphic functions in B with the norm ||/||oo = sup zGB \f(z)\. The 
Bergman-type space A P (B) is the space of all / € H{ B) such that 

I/Ip = sup \f(z)\(l - \z\ 2 ) p < oo. 

z£ B 


Let A 0 P (B) denote the closed subspace of A P (B) such that lim| 2 .i_ j . 1 |/(z)|(l — 
\z\ 2 ) p = 0. 

The A/" p -space in the unit disk B was first introduced in mi and studied in 16 1 . 
which is defined as, for p > 0, 

1/2 'i 


•A/"p(B) = < / S H( B) : ll/llp = sup ( f \f(z)\ 2 {l - \a a (z)\ 2 ) p dA(z)] 

a£D \J D J 


< OO 


where dA is the normalized area measure over B and u a (z) = 1 a - is a Mobius 
transformation of B. 

Let dV denote the normalized volume measure over B and dufz) the automor¬ 
phism of B for a £ B, i.e., 

i / \ U P a Z S a Q a Z 

■MU = ---y-r-, 

1 - {z, a) 

where s a = 1 — \a\ 2 , P a is the orthogonal projection into the space spanned by a 

and Q a = I ~ P a (see, e.g., [20]). The Vp-space on B was introduced in )5|, i.e., 


A/p — A/p( 


= if G H( B) : ||/||p = sup ( [ \f(z)\ 2 (l - \^ a {z)\ 2 fdV(z) 

a£B \J B 


1/2 


< OO 
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The little space of A/^-space, denoted by Af p , which consisting of all / £ Af p such 
that 

lim f \f(z)\ 2 (l — \$ a {z)\ 2 ) p dV{z) = 0. 

M-H - J B 

In0, several basic properties of A/),(B)-spaces are proved, in connection with the 
Bergman-type spaces A~ q . In particular, an embedding theorem for Af p (B)-spaces 
and A _9 (B) is obtained, together with other useful properties. 

Theorem 1.1. [5] The following statements hold: 

(a) For p > q > 0, we have H°° °4 Af q °4 A f p °4 A ""ur 1 . 

(b) For p > 0, if p >2k—l,k& (0, then A~ k °4 A f p . In particular, when 

p > n, Af p = . 

(c) Afp is a functional Banach space with the norm || • || p; and moreover, its 
norm topology is stronger than the compact-open topology. 

An / £ H (B) written in the form 

OO 

/•a) = 5Z Pn *(~)’ 

fc=o 

where P nk is a homogeneous polynomial of degree nk, is said to have Hadamard 
gaps if for some c > 1 (see. e.g., ED, 

— WJ .. p, 

- > C, Vfc > 0. 

n k 

Hadamard gaps series on spaces of holomorphic functions in ID or in B has been 
studied quite well. We refer the readers to the related results in mm a si 011 noi 
and the reference therein. 

The aim of the present paper is to characterize the holomorphic functions with 
Hadamarad gaps in A/^-space for two different cases 0 < p < n and p > n. Our 
main results are contained in Section 2. 

Throughout this paper, for a, b £ K, a < b (a > b, respectively) means there 
exists a positive number C, which is independent of a and 6, such that a < Ch 
(a > Cb , respectively). Moreover, if both a < b and a > b hold, then we say a ~ b. 

2. Main results and proofs 
T o formulate our main result, we denote 

Mk = sup \P nk (01 and L k=([ I 
fes \-4es 

where do is the normalized surface measure on S, that is, cr(§) = 1. Clearly for 
each k > 0, M*, and Lfc are well-defined. 

2.1. The case when 0 < p < n. In this subsection, we study the Hadamard gaps 
series in A/" p -spaces when 0 < p < n. We have the following result. 

OO 

Theorem 2.1. Let 0 < p < n and f(z) = ^^P nk (z) with Hadamard gaps. Con- 

k =0 


^( 01^(0 


sidering the following statements. 
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( a ) E 


1 


2 fc (!+p) 

k =0 x 

(b) /€<■ 

(c) / G A/” p ; 

°° / 1 

(d) X/ ( 2 fc (! +p) 


E 


E * 


< oo. 


IFe /iave (a) => (6) =>■ (c) =>■ (d). 

Proof. • (a) ==4> (6). Suppose that (a) holds. First, we prove that / € A/” p . For 
f(z) = EZ 0 Pn k (z), by using the polar coordinates and 20] Lemma 1.8], we have 


lip = sup 

<zG]B> «. 


(: l-\*a(z)\ 2 ) p dV{z ) 


k=0 

< 2„ S p|d-w 2 )^ (d^kii) t 1 - r2 ) p (7 |i _ <r L)i 2 - (to( ^ 1 ) dr 



s 11 «,a)| 2p 


der(^) I dr 


5 2 "s{ (1 -'“' !)P f (| M ‘-"‘) 2(1 - p2) '(ira>F^ <{) 


dr > . 


Applying [2jp] Theorem 1.12], for each a € B and r G [0,1], we have 

L-H.a)P M0 = L\l-( L)^ i() 

f rfcr (0 

7s | 1 - {ar,0\ n+(2p - n) 

{ bounded in B, 0 < p < 

log 13^2 <l 0 g 7 4 ^, P=f, 

(1 - r 2 |a| 2 ) ra_2p < (1 - | a | 2 )— 2 p, ^ < p < 


It is clear that, for all cases of p , we can have 

(1 ~ M2)P i n-(4.)P- ‘ i ^ ) - M - “ €B ’ 
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where M is a positive number independent of both a and r. Now, applying [§} 
Theorem 1], we have 

2 


II; < 2 nM 


J (l^r 2 ) p c?r 


~ 2 nM^ 


1 


fc=0 


2 fc(!+p) 


E 

^2 fc <n J -<2 fc + 1 


Since / is in the Hadamard gaps class, there exists a constant c > 1 such that 
rij+i > crij for all j > 0. Hence, the maximum number of rij : s between 2 fc and 
2 fc+1 is less or equal to [log c 2] + 1 for k = 0,1, 2, • • •. 

Since for every k > 0, by Cauchy-Schwarz inequality, 

2 


( E ">) <([i°g t 2] + i)( E “/)■ 

' 2 k <rij <2 fe + 1 ^ ' 


Thus, we have 

( 2 . 1 ) 


< 


2 k <n i <2 k + 1 


E 

fc =0 


1 


2 fc ( 1 +p) 


E M n< 


2 k <rtj<2 k + 1 


which implies / £ A/p. 

Next, we prove that / £ A/ - ®. Let 


A = [(l-\<f> a (z)\ 2 ydV(z). 
J B 


We claim that A —»• 0 as |a| —>• 1 . By m Lemma 1.2], we have 

(i - M 2 ) p (i - M 2 ) p 


[(l-\$ a (z)\ 2 ydV(z) = [ 

J IB «/ ]B> 


= (i-l 

Applying [20] Theorem 1.12], we know 


|1 - (z,a)\ 2 P 


I 2 \p 


-dV(z) 


(i - |*| 2 ) p 


|1 - (z,a)\ n+1 +P+P- n - 1 


T dV ( z )• 


|1 - (a,0)| Tl+1 +P + P^ rl - lrf ' / ^^ ~ ^ l0 S l-|a|2 


[ bounded in B, 0 < p < n + 1, 
p = n + 1, 

[ (1 — |a| 2 ) 1+n_p , p > n + 1. 


It is clear no matter for what case, A —> 0 as a — > 1 . 

Put fm{z) = £™ =0 Pn k (z), to £ N and Km = max{M 0 , Mi,..., M m }. Note that 
for each a G B, 


/ |/ m ( 2 )| 2 (i-|$.WI 2 ^W 

/ m \ 2 

< / El P "^“)l H $ aWDW(z) 

J »E=o / 

< m 2 At/(l-|d>aW| 2 )W( 2 ), 

Jb 








AG-TYPE FUNCTIONS WITH HADAMARD GAPS IN THE UNIT BALL 


5 


which tends to 0 as |a| —► 1~. Hence, f m G Afp. Moreover, by (6] Corollary 2.6], 
J\fp is closed and the set of all polynomials is dense in AT®, and hence it suffices to 
show that ||/ m — /||p -A 0 as m —» oo. By (12. Ill , we have 

(2.2) IIA.-/CS £ £ "i), 

k—m' ^ 2 k <rij<2 k + 1 ' 


where m! = 


[ lo^+f+i ■ The result follows from condition (a) and (12.21) . 


(b) => (c). It is obvious. 

(c) =>■ ( d ). Suppose / G Af p . As the proof in [T|, Theorem 1], we have 


sup 




k =0 


C i-\$a(z)\ 2 ) p dV(z ) 


> 


E Pnk (*) 


k—0 


(1 - M 2 )W(*) 


E 


1 


2fe(i+p) 
fc=0 2 k <n j <2 k + 1 


\Pn k m 2 )da(0 


= E 


k—0 


1 


E 


2fc(i+p) 0 I > 

2 fe <n 3 <2 fc + 1 


which implies the desired result. 


□ 


Remark 2.2. Generally, when n > 1, the above conditions in Theorem 12.11 are not 
equivalent. For example, ( d ) =#■ (a). Indeed, put 


f{z) = E 2 


fc(p+i) 2 fc 


, z= (z 1 ,z 2 ,...,z n ) G B. 


k =0 

fe(p+i) 

Since Mk = 2 2 , we have 


E 


( 1 


\ k 2 fe ( 1 +p) 


£ w 2 = 


00. 


fc=0 x 2 k <n j <2 k + 1 

On the other hand, by m Lemma 1.11], for each k > 0, we have 


r 2 _ 

L/b. — 


2 .W-i) [ - 2 .W-i). ("-1)!{2*) ! < 2 fc(p+1 * 

Aes ' ' (n-1 + 2*)! ~ 2«"- 1 >' 


which implies 


E 


2 fc (i+p) 

fc=0 x 2 k <nj <2 fc + 1 


E ^ LsE 


i 


k—0 


2 k(n-l) 


< OO. 


Next, we consider some special cases when all the conditions in Theorem 12.11 are 
equivalent. 
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In [13], the authors constructed a sequence of homogeneous polynomial {Xfc}fcgN 
satisfying deg(Tfc) = k, 


(2.3) sup |T)-(£)| = 1 and [ \T k (0\ 2 da(f) 


> 


2 2ri 


An immediate corollary of Theorem 12.II is stated as follows. 


Corollary 2.3. Let 0 < p < n and f(z) = YkLo a kTn k (z) with Hadamard gaps, 
where a k £C,i>0. Then the following statements are equivalent. 


1 


E 


2fc(i+p) /—d 

2 k <n j <2 k + 1 


aj | < oo; 


( a ) E 

k= 0 

(b) / € Afp; 

(c) f eU p . 

Proof. The desired result follows from the fact that for each k > 0, M k z±L k . □ 

Moreover, letting n = 1, we have the following corollary decribing the functions 
in A/),(ID 1 ) with Hadamard gaps. 

OO 

Corollary 2.4. Let 0 < p < 1 and f(z) = b k z nk with Hadamard gaps, where 

k— 0 

b k £ C, k > 0. The the following conditions are equivalent. 

(a) / £ Ap(D); 

(b) /j= A/"®(ID); 

1 


w E 


k—0 


2 fc ( 1 +p) 


E i J ii 


< oo. 


Note that the result in HU Theorem 3.3 (a)] is contained in Corollary \2-4\ 

Proof. The desired result follows from the fact that when n = 1, Mj = Lj = 
\bj\- □ 


2.2. The case when p > n. By Theorem ll.il when p > n, all A/" p -spaces coincide 
with A 5“. In this subsection, we consider a more general question about the 
Hadamard gaps series in A~ l for any l > 0. We have the following result. 

Theorem 2.5. Let l > 0 and f(z) = Pn k {z) with Hadamard gaps, where 

Pn k is a homogeneous polynomial of degree n k ■ Then the following assertions hold. 

(a) / G A~ l if and only if sup —p < oo; 

k >l n l k 

(b) / G Aq 1 if and only if lim —= 0. 

fc->oo n k 

Note that the result in HU Theorem 3.3 (b)] is a particular case of the assertion 
(a) in Theorem. \2.5\ 

Proof, (a) Necessity. Suppose / € A . Fix a(eS and denote 

OO OO 

/«H = E PnM™ nk = E p n k ^w), W€ D. 


k—0 


k—0 
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Since / G H( B), it known that for a fixed £ G §, f^(w) is holomorphic in D (see, 
e.g., m)- Hence, for any r G (0,1), we have 


(2-4) 


M k = sup |P„ fc (£)| = sup 
jes £es 


fd' 1 


1 


27ri J\ w \= r w Uk+1 


dw 


TZ SU P 

47r feS 


f f(C w ) 

l\w\=r W nk+1 

f 1/(64 

2tt ££ J H=r r"»+i 


< 77 — sup 


dw 
| dw 


«es J\ w \=r r" fe+1 (l — r) ! 

l/U 


< 


< 


27T 


sup 




r n k — 7»V 

In (12.41) . letting r = 1-—, we have 


M k < 


\f\i ■ n k 


(1 - — ) nk 
v n k ' 


Thus, for each k > 2, 


which implies that 


M k l/U 

4: " (1 - £)' 


< 4|/U, 


A4 /Mi \ 

sup — r < max ^ — r , 4|/j z > < 00 . 

fc>i n). I < J 

Sufficiency. Suppose that sup fc>1 4 < 00 . Then 


Thus, 


Since 


we have 


1/(4 = 


1/(4 


( ,, 


k =0 


<J2 M *\z\ nk <J2 nl k 


k—0 


k—0 


1 -\z\ 


k—0 


En* =E E»i 


s=0 


t = 0 X Tln<t 


\z\*. 


k l k\ 


lim — 

k—too 1(1 -|- 1) . . . (I -\- /c) 

k l k\ 


= r( 0 , ^>o, 


sup 

fcSN 


< M, 


.(fc + O^ + i- 1 )--•(* + !), 

where M is a positive number depending on l. Hence, we have for each k > 0, 
k l k l k\ 

(-l) fe (4 _1 ) ” (-l)*(-Z-l)(-Z-2)...(-i-fc) 

k l k\ 


(2.5) 

where (“) = °(°-D- fc (°-fc+D 


(fc + Z)(A; + Z-l)...(Z + l) 

a G I. 


< M, 
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Moreover, since / is in Hadamard gaps class, there exists a constant c > 1 such 
that rij+i > crij for all j > 0. Hence 


( 2 . 6 ) 


1 

k l 


OO 

^E 

m =0 


-1 


Combining (12.511 and (12.61) . we have 


which implies 


(2.7) 


(-l) fc ( \ U 


E nl j 


i <k 


s "5 s (-»*(■';') 

n,<fe v ' 


< 


Me 1 

c^T’ 


Me 1 
d’ — 1 


Hence, for any z e B, by ( 12771 ) we have 


!/(*)! 

i-N 



Me 1 1 

‘ (i - \z\y+ 1 ’ 


which implies 

i/G)i(i - m < -^r, 

& ~ 1 

and hence / € 


(b) Necessity. Suppose f £ A 0 l , that is, for any s > 0, there exists a S G (0,1), 
when <5 < |c| < 1, 

\f(z)\(l-\z\y<e. 

Take No £ N satisfying S < 1 — — < 1 when k > Nq. Then for any k > Nq and 
r = 1 — d-, applying the proof in part (a), we have 


M k < 


(1 



sup |/(*)|(1-|*| 2 )'< 
< 5 < 1 | < 1 


en 


i 

k 


(i- 


J-\n k 
nk ' 


which implies 


Mk < £ 

n k ~ (! - 


< 4e, 


k > N 0 . 


Hence we have lim^oc = 0. 

Sufficiency. Since lim^oo = 0, it is clear that sup fc>1 ^f- < oo and hence 

^k 

by part (a), we have / £ A~ l . For any e > 0, there exists a No £ N satisfying 


Mn 
n l 


< e. 
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when to > Nq. For each m G N, put f m {z) = Y^k =o Pn k {z). Note that 

\fm{z)\(l-\z\ 2 ) 1 < (f>„ fc (*)|WN 2 )' 

x k =0 ' 


= E 


Kk=0 


Pn k \i^)\A nk 


2 \l 


< K{ 1 - | 2 | 2 ) ; E |z| n * < Km{ 1 - |z| 2 )* 


A:—0 


where if = max{M 0 , Mi, M 2 ,..., M m }. Hence, |/ m (z)|(l |z| 2 )* = 0, 

that is, for each to G N, / m € Aq z and hence it suffices to show that |/ TO — f\i —> 0 
as to — >• oo. Indeed, for m> Nq, we have 


1/mW -/Wl = 


E 


k=m -\-1 


< e A4^r<£ E Ei 


fc=m+l 


fc=m+l 


Applying the proof in part (a), we have 
I fm{z) - f(z) | 

- E 

x k=m -\-1 7 x s—0 


1 - \z\ 


< n E 4r En s E E IE 


l=n n 


n-mA- </ 


< "El E^)^i^ m, 7T3 


£=0 x n-i <t 


(1 - |z|) l+1 ’ 


where M' is a positive number independent of to. Hence, when to > Nq, we have 
I/m — f\i < M'e, which implies that / G Aq z . □ 
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